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Fix:

e K number field with algebraic closure K

@ G commutative, connected algebraic group over K

e A C G(K) finitely generated, torsion-free subgroup
Notation:

o Glnl = G(K)[n] and Giors = Uy, Gl

@ s > 1 such that G[n] = (Z/nZ);for all n

o r =rk(A)
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For every positive integer n we consider the n-division points of A
n'A:={Pe G(K)|nPecA}

and we let T4 :=J, >, ntA.
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If A=0then n7'A = G[n] and T4 = Giors \

If G =Gy, (so G(K)=K* and G(K) =K ") and A = (a) with a € K*
not a root of unity, then n"1A is the group generated by all n-th roots of
a. It contains the n-th roots of unity of K.
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Kummer extensions

The field K(n=1A):
e Galois over K, contains K(G[n]).

@ Generalization of classical Kummer extensions.

Studying the extensions K C K(G[n]) C K(n~1A), in particular the degree
of K(n71A) over K(G[n]).
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Why is this interesting?

@ Interesting objects in their own right.
@ Related to torsion fields and Galois representations.
@ Density problems: {p prime of K | £{ #(A mod p)} for ¢ fixed prime.
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Basic properties

Consider A = (P), fix @ € G(K) with nQ = P.
e if nQy = nQy = P then @ — @2 € GJn], so
{g € G(K) | ng = P} = Q + G[n], which generates n~1A.
o The Kummer map
Gal(K(ntA) | K(G[n])) — GI[n]
oc—0(Q)—Q

is an injective homomorphism.
o — in general [K(n"1A) : K(G[n])] divides (#G[n])*(A) = nrs.
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Classical results

Theorem (Ribet 1979)

Assume that G is the product of an abelian variety and a torus.

Suppose that A= (P1,...,P,) and that Py, ..., Py are Endk(G)-linearly
independent modulo Piy1,..., P,.

Then there is a positive integer C = C(K, G, A) such that for every n > 1

n ts

[K(n=tA) - K(G[n])]

divides C
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Classical results

@ Ribet's theorem:
o Open image theorem for K(I 4).
o Not effective.

o Key objects and properties:

o Properties of the Endk(G)-module generated by A.
o Galois representations associated with G.
o Cohomology group H'(Gal(K(Giors) | K), Giors)-
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A general framework

Fixing a compatible basis for Giors we have a representation
p:Gal(K | K) = GLs(Z)
Some notation:
e H:= p(Gal(K | K))

@ Hy projection of H in GLs(Z,)
@ Z¢[Hy] closed Z,-subalgebra of Matsys(Z¢) generated by Hy
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A general framework

If there are positive integers da, Ng and Mg such that
Q da(TaN G(K)) € A+ G(K)tors,
@ for every prime { we have Zy[H;] O Ng Matsxs(Z;) and
© the exponent of H*(Gal(K(Giors) | K), Grors) divides Mg;

then for every n > 1:

an

[K(n=tA) : K(G[n])]

divides (daNgMg)'™
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The parameter djx

Let P € G(K) \ G(K)tors and, for n > 1, let A(n) = (nP).
Then K(n"*A(n)) = K(G[n]) and da(ny > n.
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Elliptic curves - maximal growth

o Let G = E be an elliptic curve with Endk(E) = Z.

@ Let ny be the smallest integer such that

¢* if E does not have CM

H, mod ¢"+1 H, mod ¢") =
#(He mod £775) /3#(Hy mod £7) {52 if E has CM

for all n > ny.

@ ny is effectively computable.
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Elliptic curves - bad primes

Let S(E) be the set of primes ¢ such that:
o If E does not have CM, one of the following holds:
o £|2'3'5'AK/@;
Q (H; mod ¢) % GLy(Fy);
© E has bad reduction at some prime of K above /.
o If E has CM (by O, F = Frac(0O)), one of the following holds:

© / divides the conductor of O;
@ / ramifiesin K - F;
© E has bad reduction at some prime of K above /.

In both cases S(E) is finite and effectively computable.
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Elliptic curves - parameters for Cartan subgroups

If E has CM:
@ Hy is contained in the normaliser of a Cartan subgroup C; of GLa(Zy);
e Cy is determined by parameters (g, 0¢) € Zg;
® (7¢,9¢) are computable.
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Elliptic curves - results

Theorem (D. Lombardo, S. T.)

Let E be an elliptic curve over K with Endk(E) = Z and let A C E(K) be
a torsion-free subgroup of rank r. Define N and M as follows:
o If E does not have CM, let

N= T] ¢~ M= ][ (®-1)-0

LeS(E) LeS(E)
o If E has CM, let

N = H gne-kvz(Me)7 M = 2241K:Q] | H /12[K:Q]

éES(E) £ odd prime,

(-1)B[K:Q]

c n?r 2 © 2r
Then for every n > 1 the ratio RG=TARE] divides (daNM)=".

v
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Elliptic curves - results

Theorem (D. Lombardo, S. T.)

There is a universal constant C > 1 such that, for every elliptic curve E
over Q and every torsion-free subgroup A C E(K) of rank r, for every

. n2r .. r
n > 1 the ratio RO—TAYRED] divides (daC)?".
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What about CM?

Assume that O := Endk(E) # Z.
e Let P € E(K) non-torsion, fix Q € E(K) with nQ = P.
o Let A:=OP and A =ZP.
o nto(P) =0c(Q)+ E[n] for every o € O.
e Then n"'A= (n"1o(P) |0 € O) = (OQ + E[n]).
e In particular K(n71A) C K(n7tA'), so
n* n*

= > n?
[K(n=*A) : K(E[n])]  [K(n=*A") - K(E[n])] ~
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General framework - sketch of proof

o Focuson K(I'a) = U,>; K(n7tA)

1 —— Gal(K(Fa) | K(Gors)) — Gal(K(Ta) | K) —— Gal(K(Giors) | K) — 1
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General framework - sketch of proof

e Focus on K(I'a) = U,>; K(n"tA)

1 —— Gal(K(Fa) | K(Gors)) — Gal(K(Ta) | K) —— Gal(K(Giors) | K) —— 1

lr

AUt( Gtors)
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General framework - sketch of proof

e Focuson K(I'a) = U,>; K(n=1A)

1 —— Gal(K(Fa) | K(Gors)) —— Gal(K(T ) | K) —— Gal(K(Giors) | K) — 1

[ [ [

AutA+(;t°rs(rA) AutA(FA) AUt(Gtors)
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General framework - sketch of proof

e Focus on K(Ta) = U,=1 K(n1A)

1 —— Gal(K(Fa) | K(Gtors)) — Gal(K(Ta) | K) —— Gal(K(Giors) | K) —— 1

[ [ [

AutA+Gm(FA) AutA(FA) AUt(Gtors)

@ Study the abelian groups A C A + Giors € 4 and their relative
automorphism groups.
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Automorphism groups

@ We have an exact sequence:
1— AutA+Gmrs(FA) — AutA(FA) — Aut(GtorS) —1
@ There is a canonical isomorphism:

AUtAJrGtors(rA) 5 Hom(rA/(A + Gtors)a Gtors)
o (s : [b] = o(b) — b)

o In particular Auta;g,,.([a) is abelian.
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Structure of 4

@ Any isomorphism A = Z' can be extended (non-canonically) to
Fa—=Q @ (Q/2)
o It follows that

Hom(Ia/(A + Giors), Gtors) = Hom ((Q/Z)",(Q/Z)%) = MatsX,(Z)

Aut(Grors) = Aut((Q/Z)*) = GL4(Z)
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Torsion-Kummer representation

Fixing an isomorphism 4 = Q" @ (Q/Z)° we have:

1 —— Gal(K(I'n) | K(Gtors)) —— Gal(K(Fa) | K) —— Gal(K(Gors) | K) —— 1

[+ | [l

1 ——— Matey,(2) ——— Autzr (Q" ® (Q/Z)5) ——— GLs(2) ———— 1

We want to bound the index of V := Im(k) in Matsy (7).
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Strategy:

@ Prove that § := () ker f is small.

o By Pontryagin duality V will be large.
Problem:

A

@ We need V to be a Matsys(Z)-module. . .

e ...but it is only a Z[H]-module.
Solution:

o If Z[H] D N - Matgys(Z), then N - Matgys(Z) - V C V.

Sebastiano Tronto
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Enter Cohomology

For simplicity identify Hom(I'a/(A + Gtors), Gtors) With MatsX,(Z).

. rA N G(K(Gtors))
Notice that S = ker f = :
o Notice tha Nrey ker A+ Co

@ Define

@1 S — HYGal(K(Giors) | K), Grors)
[b] — (b : 0 — o(b) — b)

o We have ker p C S[da].
o If M- HY(Gal(K(Geors) | K), Geors), then daM - S = 0.
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End of the proof

o The MatSXS(Z)—module W generated by V satisfies

daM - <ﬂ kerf) =

few

By Pontryagin duality W D daM - Mats, (7).
So V2O N-W D daNM - Matgy (7).
Then for every n>1

an

[K(n=tA) : K(G[n])]

divides (daNM)™
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Final comments

o 7[H] can be studied “prime by prime” (CRT).
@ Same for the cohomology group (inflation-restriction sequence).

@ The exponent of the cohomology group can be bounded by finding
“small” central elements in H (Sah's lemma).
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Thank you for your attention!
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