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Kummer Extensions

o Let K a number field, G < K* torsion-free, r = rank G < oo.
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Kummer Extensions

o Let K a number field, G < K* torsion-free, r = rank G < oo.
e For any M and N with N'| M consider the extension

K (gM, %) :

e Want to compute deg; (M, N) = [K (CM, %) ; K(CM)].
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Kummer Extensions

o Let K a number field, G < K* torsion-free, r = rank G < oo.
e For any M and N with N'| M consider the extension

K (gM, %) :

e Want to compute deg; (M, N) = [K (CM, %) : K(CM)].
o Intuition: deg(M,N) = N".
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Kummer Extensions

Let K a number field, G < K* torsion-free, r = rank G < 0.

For any M and N with N | M consider the extension

K (gM, %) .

e Want to compute deg; (M, N) = [K (CM, %) : K(CM)].
Intuition: deg;(M,N) = N".
Reality: deg(M, N) divides N".
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Kummer Extensions

Let K =Q, G = (2°),

Then Q (Cs, f/@) =
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Kummer Extensions

Let K=Q, G = (25, N=M =5,
Then Q (g5, \5/<25>) = Q((s), so dege(5,5) = 1.

Let K=Q, G = (3,5), N =2, M = 10,
Since v/5 € Q((10), we have Q (Clo, (3, 5)) = Q (¢10,V3), s0
deg(2,10) = [Q (10, V3) : Q(Cr0)] = 2.

v
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Failure of Maximality

Definition

The failure of maximality at (M, N) is
NI’

e [k (e, ¥G) + K (Cu)

UNIVERSITE DU
LUXEMBOURG

Antonella Perucca, Pietro Sgobba and Sebastiano Tronto Kummer Theory for Number Fields



Failure of Maximality

Definition

The failure of maximality at (M, N) is
Nr
(K (6w, ) K (¢m)]

C(M,N) =

Theorem (direct proof in Perucca, Sgobba (2018))

There is a constant Cy > 1, depending only on K and G, such that
for all integers N, M with N | M the integer C(M, N) divides Cy.
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Failure of Maximality

Elementary field theory shows
C(M,N) =

gnr n
= e | n
ell_/IV [K (Czn, Zﬁ) : K(Czn)] [K (Q G) NK(Cm) : K (o)

Ag(N)=C(en om)

Be(M,N)

where n = v;(N).
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Failure of Maximality

Elementary field theory shows
C(M,N) =

) -
B eHN (K (G, VG + K (Gon)]

Ag(N)=C(en om)

K (G, VG) K (G) : K (o)

Be(M,N)

where n = v;(N).

Definition

We call A/(N) the ¢-adic failure and B;(M, N) the ¢-adelic
failure.

UNIVERSITE DU
LUXEMBOURG

Antonella Perucca, Pietro Sgobba and Sebastiano Tronto Kummer Theory for Number Fields



The (-adic Failure A,(N)

Theorem (direct proof in Perucca, Sgobba (2018))

There exists a constant oy, depending only on £, K and G, such
that A¢(N) | ap for all N.

Moreover, ay = 1 for all but finitely many primes £.
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The (-adic Failure A,(N)

e For simplicity, let K = Q and £ # 2.
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The (-adic Failure A,(N)

e For simplicity, let K = Q and £ # 2.
o Let B={g1,...,8} be a basis for G < Q*.
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The (-adic Failure A,(N)

e For simplicity, let K = Q and £ # 2.
o Let B={g1,...,8} be a basis for G < Q*.
o Write g; = b with b; & (Q*)".
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The (-adic Failure A,(N)

e For simplicity, let K = Q and £ # 2.
o Let B={g1,...,8} be a basis for G < Q*.
o Write g; = b with b; & (Q*)".

Theorem (Debry, Perucca (2016))

There exists a basis maximizing d =, d;. For all bases
maximizing d, the d;’s are the same up to reordering.
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The (-adic Failure A,(N)

@ We have

Ae(N) = ¢° where s = Z min (vg(N), d;) .
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The (-adic Failure A,(N)

@ We have

Ae(N) = ¢° where s = Z min (vg(N), d;) .

e In particular for v;(N) > dy := maxd; we have s =) . d;.
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The (-adic Failure A,(N)

@ We have

Ae(N) = ¢° where s = Z min (vg(N), d;) .

e In particular for v;(N) > dy := maxd; we have s =) . d;.
@ So Ay(N) = Ay(gcd(N, £9)).
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The (-adelic Failure B,(M, N)

By(M, N) = [K (@n, %) K (Cu) K(@n)} for n = va(N).

Theorem (Perucca, Sgobba (2018))

There exists a constant [3y, depending only on £, K and G, such
that Be(M, N) | ¢ for all M and N.

Moreover, 3, = 1 for all but finitely many primes ¢ (for example
when (p & K).
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The (-adelic Failure B,(M, N)

@ Assume that K = Q and, for simplicity, that G C Q~o.
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The (-adelic Failure B,(M, N)

@ Assume that K = Q and, for simplicity, that G C Q~o.
e Problem: /g € Q((q) for some d.
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The (-adelic Failure B,(M, N)

@ Assume that K = Q and, for simplicity, that G C Q~o.
e Problem: /g € Q((q) for some d.

@ The intersection Q (an, 2\H/E> N Q(¢m) equals

Q (Czn, Vb, ..., \/h5> ,  h1,..., hs squarefree integers.
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The (-adelic Failure B,(M, N)

@ Assume that K = Q and, for simplicity, that G C Q~o.
e Problem: /g € Q((q) for some d.

@ The intersection Q (an, 2\H/E> N Q(¢m) equals

Q (Czn, Vb, ..., \/h5> ,  h1,..., hs squarefree integers.
e We can compute hy,..., hs, and thus By(M, N).

UNIVERSITE DU
LUXEMBOURG

Antonella Perucca, Pietro Sgobba and Sebastiano Tronto Kummer Theory for Number Fields



Effective Results

Theorem (Perucca, Sgobba, Tronto (2019))

There are explicitly computable integers My and Ny such that
C(M, N) = C(ged(M, Mo), ged(N, No))

for all M and N.
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Effective Results

Theorem (Perucca, Sgobba, Tronto (2019))

There are explicitly computable integers My and Ny such that

C(M, N) = C(ng(M, Mo),ng(N, No))

for all M and N.

Moreover, there is a concrete and efficient algorithm to compute
these degrees for all M and N.
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Effective Results

sage: G = [-2~3, (2/3)727, -1/5]
sage: TotalKummerFailure(G)

M_@ = 120
N_O = 216
|1 2
1 | 1 1
2 | 1 1
3 | 9 9
4 | 1 1
6 | o 9
8 | 2 2
9 | 27 27
12 | 9 9
18 | 27 27
24 | 18 18
27 | 81 81
36 | 27 27
54 | 81 81
72 | 54 54
108 | 81 81
216 | 162 162

Antonella Perucca, Pietro Sgobba and S

w

NNWORWDRE

0N mN® S NY
e e I I ]

162

'S

NN DR W R R

WL mN®G RN
[ e e N N

162

wn

MM OR YR

27
18
81
27
81
54
81
162

6 8
il 1
2 2
9 9
1 2
18 18
2 2
27 27
& 18
54 54
18 18
81 81
27 54
162 162
54 54
81 162
162 162

stiano Tronto

NN WO R WOR e

27
18
81
27
81
54

162

162
54

162
162

162

BN

27
18
54
18
81
54
162
54
162
162

108
324
108
324
324

162
54
81
162

Kummer Theory for Number Fields

108
324
108
324
324

27
36
108
18
81
108
324
54
324
162

27
e
216
e
81
216
648
216
648
648

UNIVERSITE DU
LUXEMBOURG



Thank you for your attention!



