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Kummer Extensions

Let K a number field, G ≤ K× torsion-free, r = rankG <∞.

For any M and N with N |M consider the extension

K
(
ζM ,

N
√
G
)
.

Want to compute degG (M,N) =
[
K
(
ζM ,

N
√
G
)

: K (ζM)
]
.

Intuition: degG (M,N) = N r .

Reality: degG (M,N) divides N r .
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Kummer Extensions

Example

Let K = Q, G = 〈25〉, N = M = 5.

Then Q
(
ζ5,

5
√
〈25〉

)
= Q (ζ5), so degG (5, 5) = 1.

Example

Let K = Q, G = 〈3, 5〉, N = 2, M = 10.

Since
√

5 ∈ Q (ζ10), we have Q
(
ζ10,

2
√
〈3, 5〉

)
= Q

(
ζ10,
√

3
)
, so

degG (2, 10) =
[
Q
(
ζ10,
√

3
)

: Q (ζ10)
]

= 2.
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Failure of Maximality

Definition

The failure of maximality at (M,N) is

C (M,N) :=
N r[

K
(
ζM ,

N
√
G
)

: K (ζM)
]

Theorem (direct proof in Perucca, Sgobba (2018))

There is a constant C0 ≥ 1, depending only on K and G, such that
for all integers N,M with N |M the integer C (M,N) divides C0.
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Failure of Maximality

Elementary field theory shows

C (M,N) =

=
∏
` |N

`nr[
K
(
ζ`n ,

`n
√
G
)

: K (ζ`n)
]

︸ ︷︷ ︸
A`(N)=C(`n,`n)

[
K
(
ζ`n ,

`n
√
G
)
∩ K (ζM) : K (ζ`n)

]
︸ ︷︷ ︸

B`(M,N)

where n = v`(N).

Definition

We call A`(N) the `-adic failure and B`(M,N) the `-adelic
failure.
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The `-adic Failure A`(N)

Theorem (direct proof in Perucca, Sgobba (2018))

There exists a constant α`, depending only on `, K and G, such
that A`(N) |α` for all N.
Moreover, α` = 1 for all but finitely many primes `.
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The `-adic Failure A`(N)

For simplicity, let K = Q and ` 6= 2.

Let B = {g1, . . . , gr} be a basis for G ≤ Q×.

Write gi = b`
di

i with bi 6∈ (Q×)`.

Theorem (Debry, Perucca (2016))

There exists a basis maximizing d =
∑

di . For all bases
maximizing d, the di ’s are the same up to reordering.
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The `-adic Failure A`(N)

We have

A`(N) = `s where s =
∑
i

min (v`(N), di ) .

In particular for v`(N) ≥ d` := max di we have s =
∑

i di .

So A`(N) = A`(gcd(N, `d`)).
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The `-adelic Failure B`(M ,N)

B`(M,N) =
[
K
(
ζ`n ,

`n
√
G
)
∩ K (ζM) : K (ζ`n)

]
for n = v2(N).

Theorem (Perucca, Sgobba (2018))

There exists a constant β`, depending only on `, K and G, such
that B`(M,N) |β` for all M and N.
Moreover, β` = 1 for all but finitely many primes ` (for example
when ζ` 6∈ K).
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The `-adelic Failure B`(M ,N)

Assume that K = Q and, for simplicity, that G ⊆ Q>0.

Problem:
√
g ∈ Q(ζd) for some d .

The intersection Q
(
ζ2n ,

2n
√
G
)
∩Q(ζM) equals

Q
(
ζ2n ,

√
h1, . . . ,

√
hs
)
, h1, . . . , hs squarefree integers.

We can compute h1, . . . , hs , and thus B`(M,N).
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Effective Results

Theorem (Perucca, Sgobba, Tronto (2019))

There are explicitly computable integers M0 and N0 such that

C (M,N) = C (gcd(M,M0), gcd(N,N0))

for all M and N.

Moreover, there is a concrete and efficient algorithm to compute
these degrees for all M and N.
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Thank you for your attention!


