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Kummer theory

e ACQ*, VA={xeC|x"e A}

3 A={3 ® Kummer extension Q(VA)

® Galois over Q, contains Q(¢,)
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Kummer theory

e ASQ*, VA={xeC|x"e A}
* Kummer extension Q(~/A)

® Galois over Q, contains Q(¢,)



Kummer theory for algebraic groups

G commutative algebraic group over K number field

* A< G(K), ntA={P e G(K)|nP e A}
e “Kummer extension” K(n 1A)
® Galois over Q, contains Q(G(K)[n])

e (lassical Kummer theory when G = G,



Results for elliptic curves

G = E elliptic curve, A = (a)
® Ribet, 1979: cn® < [K(n71A) : K(E(K)[n])] < n?
® Lombardo-T., 2020: Effective ¢ = ¢(E, K, «) if no CM
® Lombardo-T., 2021: over K = Q
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e A. Javan Peykar, 2021: CM case



Endomorphism rings

A. Javan Peykar, 2021: CM case — take A an Endk(E)-module
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Division modules

R ring, M C N (left) modules, / (right) ideal

(M:y1):={xeN|Ix< M}

For M = 0 we have the /-torsion

N[I] == (0:n 1)



Division in modules

Facts
* (M:y0)=Nand(M:yR)=M

e IfI C 1" wehave (M:n1)2D (M:n 1)

We want to work with infinite unions like Un>1 n~1A



Ideal filters

An ideal filter 7 on R is a set of right ideals such that:

@If/and l"arein J, thenINl'eJ

® If | € J and I’ is a right ideal with I’ D/, then I’ € J

We let

MnT)=JM:n1) and  N[J]=(0:nJT)
leg



Ideal filters

Examples

oo := {l ideal of R | | 2 nR for some n > 1}

p> := {/ ideal of R | I D p*R for some k >0} (p prime)



(F(M):nT)=N

J-injectivity

I is J-injective if maps to I lift
over “J-extensions”



J-injectivity

Injective <= J-injective for J = {all ideals}

Over Z: injective <= oo-injective, and M[oo] = Miors
Over Z: p-divisible <= p>-injective

Baer's criterion

Existence of “J-hull” (smallest J-injective extension)



(J, T)-extensions

Definition
Fix an ideal filter 7 and a J-injective module T with T = T[7].
A (J, T)-extension of M is a module N O M such that:

O M:nJ)=N
® NJT|—T

Example (j = 00, T = E(K)tors)
For M < E(K), the modules N = n='M are (7, T)-extensions.



(J, T)-extensions

Abstraction for division modules of Kummer theory
Maximal (7, T)-extension: J-hull of M + T
Behave like field extensions (Galois-like category)

Pullback and pushforward along certain maps (¢, = ¢*)



Galois representations

A< G(K) M=Up1 nlAC G(K) T = G(K)tors

Gal(K(IN) | K)

[

AutA(I')



Galois representations

A< G(K) M=Up1 nlAC G(K) T = G(K)tors

Gal(K(IN) | K)

[

AUtA+T(r) — AUtA(I-) — AUtAtors(T)



Galois representations

A< G(K) M=Up1 nlAC G(K) T = G(K)tors

Gal(K(MN) | K(T)) —— Gal(K(I') | K) — Gal(K(T) | K)

I [ [

AUtA+T(r) — AUtA(I-) — AUtAtors(T)



Final tools

Gal(K(T) | K) < Auta,,.(T) — Aut(T): classic Glaois rep.
Autaq7(I") abelian with action of Auta,.(T)
Bounds on exponent of H1(Gal(K(T) | K), T)

Morita duality



New results

General “open image framework” for Kummer extensions
Completed and unified CM and non-CM cases
Better understanding of Kummer theory for algebraic groups

In progress: higher-dimensional abelian varieties
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