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Kummer theory

Fix:

• K a field

• n > 0 intger n - charK

• ζn ∈ K root of unity of order n

• a1, . . . , ar ∈ K×

We have:

• Cyclotomic-Kummer extension K (ζn, n
√
a1, . . . , n

√
ar )

• Galois over K , abelian over K (ζn)

• If ζn ∈ K , all abelian extensions of K are of this form



Kummer degrees

• Assume K is a number field. For varying n, the degrees

[K (ζn, n
√
a1, . . . , n

√
ar ) : K (ζn)]

are related to Artin’s primitive root conjecture.

• If 〈a1, . . . , ar 〉 ⊆ K× is torsion-free of rank r , there is a
positive constant c = c(K , a1, . . . , ar ) such that

nr[
K
(
ζn, n
√
a1, . . . , n

√
ar
)

: K (ζn)
] divides c

for every n ≥ 1.



The beginning



Kummer theory for elliptic curves

Fix

• K number field, n > 0 integer

• E elliptic curve over K

• P1, . . . ,Pr ∈ E (K ), let n−1Pi = {Q ∈ E (K ) | nQ = Pi}

We have:

• Torsion-Kummer extension K (E [n](K ), n−1P1, . . . , n
−1Pr )

• Galois over K , abelian over K (E [n](K ))

• Related to problems similar to Artin’s conjecture



First assignment

Prove the following:

Theorem
Let K ,E ,Pi be as in the previous slide. Assume that E has no CM
and that rkZ〈P1, . . . ,Pr 〉 = r . There is a positive constant c such
that for every positive integer n the ratio

n2r[
K
(
E [n](K ), n−1P1, . . . , n−1Pr

)] divides c



First assignment

Prove the following:

Theorem (Ribet, 1979)

Let K ,E ,Pi be as in the previous slide. Assume that E has no CM
and that rkZ〈P1, . . . ,Pr 〉 = r . There is a positive constant c such
that for every positive integer n the ratio

n2r[
K
(
E [n](K ), n−1P1, . . . , n−1Pr

)] divides c



First assignment

• Actual task: relate c explicitly to certain properties of E

• Main background needed: Galois representations

• Jones and Rouse, 2007: surjective p-adic Galois representation
(“nice” =⇒ “nice”)

• Me: “not that bad” =⇒ “not that bad” (quantitatively)



First paper



Side project(s) - number fields

• Collaboration with Antonella Perucca and Pietro Sgobba

• Implementation of software for computing degrees over Q
• Explicit work over quadratic fields and other number fields



Computing Kummer degrees with Sage



Solo project - general framework

Motivation: the relevant properties of the curve. Can I get a
general result of the form “if this and this hold, the result for
Kummer theory also holds”?

• Inspired by work of W. J. Palenstijn

• Limitation: endomorphism ring!



Solo project - general framework



Elliptic curve - uniform results over Q

• Continuation of work with Lombardo

• Found explicit value for c independent of E



Elliptic curve - uniform results over Q



General framework - part 2

• Solving the limitations of my previous solo work

• Need to work over a general ring

• Ideas from thesis of Abtien Javan Peykar

• Long digression in commutative algebra



General framework - part 2



Timeline


