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Let G be a group. A (left) G-module is, equivalently:

@ An abelian group M with a linear (left) action of G on M
@ An abelian group M with a homomorphism p: G — Aut(M)
o A (left) Z[G]-module M
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G-invariants

Fix a group G and a G-module M. Notation: g - m.

@ A submodule of M is a subgroup of M closed under the action of G

0o A ={me M|g-m= m}is a submodule

For Category Theory fans: HY(G, M) is the right-derived functor of (—)C.
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HY(G, M), explicitly

@ A cocycle is a map ¢ : G — M such that ¢(gh) = p(g) + ge(h).

@ A coboundary is a cocycle of the form ¢, : g+— g-m—m.

Definition

The first cohomology group of G with coefficients in M is

les}
UG M) = {cocyc
(G, M) {coboundaries}
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H"(G, M), explicitly

e C"(G, M) = {(continuous) maps f:G"— M}
o Define d"*!: C"(G, M) — C"*1(G, M) by

(d"H(f)) (81,----8n+1) =81 (&2, -, 8nt1) +

+ Z g]_7 "7gigi+17' "7gn+1) +

+ (— )" (g1, 8n)

Definition
The n-th cohomology group of G with coefficients in M is
ker (d"*1)
H'(G,M) = ————=
(6, M) im (d")
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Long exact sequence

If there is a short exact sequence of G-modules
O-M—-N-—=P—=0
Then there is a long exact sequence

0— M® = N® -P¢ = HY(G,M) = HYG,N) —
—HY(G,P) — H*(G,M) — H*(G,N) — ---
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Applications

Invariants defined in terms of group cohomology:
@ Brauer group Br(K) = H?(Gk, G,)
e Weil-Chatelet group WC(A/K) = H'(Gk, A)
@ Tate-Shafarevic group III(A/K) C WC(A/K)
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Setting and Notation

For an elliptic curve E over Q:

@ Torsion points:
o E[n] = {a € E(Q) | na = 0}
o E[p™] =Uyso E[p“] for p prime
o Efoc] = Un21 E[n]

@ For n € N>1 U{p>®} U {oo} we let G, = Gal(Q(E[n]) | Q)

=7
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Divisibility in torsion fields

Definition
We call o € E(Q) p-indivisible if there is no § € E(Q) such that p5 = a.

If « € E(Q) is p-indivisible, is it so in Q(E[p])?
If not, how far off is it?
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Divisibility and cohomology

Let L = Q(E[p]) and G, = Gal(L | Q).

Exact sequence of Gp-modules:
0— E[p] — E(L) B pE(L) = 0
Long exact sequence:
0~ E(Q)[p] — E(Q) % E(Q) N pE(L) = H'(Gp, E[p])

So we get:

E(Q) npE(L)

1
) G ED
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Theorem (Lombardo, T.)

For every elliptic curve E/Q the exponent of H'( Gy, E[c]) divides
213 x 38 x 5% x 72 x 112

and, if E has CM, it divides 24.
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Lemma (Inflation-restriction exact sequence)
For Ha G

0— HYG/H,M") = HY(G, M) = HY(H, M)®

If g € Z(G) then m + gm — m induces the zero map on H(G, M).
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Sah's Lemma - proof

If g € Z(G) then m — gm — m induces the zero map on H(G, M).

Let f; be the induced endomorphism on H!(G, M). For o cocycle:
fg(0) =(h— go(h) — o(h))
=(h+— o(gh) —a(h) —o(g))
=(h+— o(hg) — o(h) — o(g))
=(h— ho(g) + a(h) — a(h) — o(g))
=(h— ho(g) —o(g))
which is the coboundary Po(g)- ]

v
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Applying the tool

@ We want to find central elements in G4

@ We have a representation:
Goo < GLo(Z) = HGLz
So we need scalar matrices.

e Problem: working in GLy(Z) is hard...
o ..but in GLy(Z)p) is doable!
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Proof sketch - scalars in Gpe

o First:

E[oc] = P E[P™] = H"(Go, Elex]) = ) H (Goc, E[P™])

o Inflation-restriction with H = Gal (Q(E[oc]) | Q(E[p™]))

0 - H(Gyoe, E[p™1") > H'(Guc, E[p™]) > H!(H, E[p*])%
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Proof sketch (non-CM case)

HY(Gpeo, E[p™]"), we use Sah's lemma:
o If p> 17, p # 37 we have —Id € Gpe C GL2(Zp)

— HY(Gy, E[p¥]") =0

@ For small p: case by case work.

@ For p = 2: Rouse and Zureick-Brown classified all possible Gpoe.
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Proof sketch - scalars in Gpe

Theorem

Gpeo contains all scalar matrices congruent to 1 modulo p™, where

for p =2

for p =3

for p=>5,7,11,13,17, 37
for p > 19, p # 37

o = W b

We take g = (1 + p™)Id in Sah's Lemma
= p"H(Gp=, E[p™]") = 0

(We can actually do better for p = 13,17, 37)
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Proof sketch - the other half

Recall H = Gal(Q(E[x¢]) | Q(E[p™]))

Action trivial on E[p®] = HY(H, E[p>°])®> = Hom(H, E[p>°])®=

So we need to bound the exponent of Hom(H, E[p>])¢=.
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Proof sketch - the other half

@ Action of g € Gy, on ¢ : H — E[p™]:
(g0)(x) = gw(g " xg)

o Idea: g lift of (14 p™)Id € Gpeo; if gx = xg then:

o(x) = (1+ p™)p(x) = p Hom(H, E[p=])%* = 0
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Proof sketch - last tricks

o Notice: we can work in H C 1, GL2(Z/pZ)
@ Actually in AP

e We can find a € Z such that g°x? = x?g2 in A for all g and x

= p" @ Hom(H, E[p*])®* =0 (for p #2)
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Theorem (Lombardo, T.)

For every elliptic curve E/Q the exponent of H'( Gy, E[c]) divides
213 x 38 x 5% x 72 x 112

and, if E has CM, it divides 24.
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Thank you for your attention!



